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|. On strong approximation for the partial sums

* When (X;);>1 is a sequence of iid centered real-valued random variables
with a finite second moment, the ASIP says that a sequence (Z;);>1 of iid
centered Gaussian variables may be constructed is such a way that

> (X —2Z))

p=l

sup = o(b,) almost surely,

1<k<n

where b,, = (nloglogn)'/? (Strassen (1964)).
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. On strong approximation for the partial sums

* When (X;);>1 Is a sequence of iid centered real-valued random variables
with a finite second moment, the ASIP says that a sequence (Z;);>1 of iid
centered Gaussian variables may be constructed is such a way that

> (X —2Z))

p=l

sup = o(b,) almost surely,

1<k<n

where b,, = (nloglogn)'/? (Strassen (1964)).

* When (X;);>1 is assumed to be in addition in L? with p > 2, then we can

obtain rates in the ASIP:

b = n'/?

(see Major (1976) for p €]2, 3] and Komlés, Major and Tusnéady for p > 3).
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The construction of Major.

* Choose an appropriate numerical sequence 0 =ng <ni1 < --- < ng < ...
and let

kn = sup{k € N such that n,, < n}
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The construction of Major.

* Choose an appropriate numerical sequence 0 =ng <ni1 < --- < ng < ...
and let
kn = sup{k € N such that n,, < n}

* Therv's (Sn, — Sn,_ysIn, — Tn,_,)x>1 are constructed in such a way
that there are independent.
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The construction of Major.

* Choose an appropriate numerical sequence 0 =ng <ni1 < --- < ng < ...
and let

kn = sup{k € N such that n,, < n}

* Therv's (Sn, — Sn,_ysIn, — Tn,_,)x>1 are constructed in such a way
that there are independent.

* First construction: Let Fi(xz) = P(Sn, — Sn,_, < x)and let (6;);>1 be a
sequence of iid r.v’s ~ 2/([0, 1]). Assume that E(X7) = 1. Define then

Sny — Sny_, = Fo N (0k) and Th, — Ty, = (n — nge—1) 20 (61)
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The construction of Major.

* Second construction: let (J;);>1 be a sequence of iid r.v's ~ U/([0, 1])
independent of the sequence (X;) (enlarge the probability space if
necessary). Let S, = S,,, — S,,_,. Define then

— 1}

T, e = (n —np_1) 20 (Fi(Sk — 0) + 0k (Fi(Sk) — Fx(Sk — 0)))

k
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The construction of Major.

* Second construction: let (J;);>1 be a sequence of iid r.v's ~ U/([0, 1])
independent of the sequence (X;) (enlarge the probability space if
necessary). Let S, = S,,, — S,,_,. Define then

Ty, — Ty = (i — ni—1)" 2@ (Fi(Sk — 0) + 85 (F1(Sk) — Fr(Sk —0)))

* Setting Ty, = Th, — T, _,, both constructions satisfy

1
15, — T2 = / (Frl(z) - 831, . (2))2do
0

f— WQQ(ng,Gnk_nk_l> .
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The construction of Major.

* Second construction: let (4;);>1 be a sequence of iid r.v.'s ~ (][0, 1])
independent of the sequence (X;) (enlarge the probability space if

necessary). Let S, = S,,, — S,,_,. Define then
Ty, — Ty = (s — 1—1)"/ 2@ 71 (Fi(Sk — 0) + 6k (Fu(Sk) — Fu(Sk — 0)))

* Setting T = T, — Tn, ., both constructions satisfy
o 12 ! 1 1 2
5= Tl = [ (@) - @), (@)de
0
f— WQQ(ng,Gnk_nk_l) .
* |If the random variables are in L” for p > 2, we then get that

||Snk: — Snp_1 — (Tnk - Tnk—1>||§ — O(l \% (nk - nk—l)Q_p/2>7

interpolating the results by Ibragimov (66), Sakhanenko (85), Rio (09)
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The construction of Major.

* Assume that the sequence has many moments (more than 4) and allow
some log in the symbol O(-). Then by the Kolmogorov inequality, we get
that almost surely

sup [y, — Tn,| = O(K'/?)
i<k

and we also have (if n, — nx—1 IS monotone and goes to infinity fast
enough)

sup sup  |Sn — Sn;| = O((nk — ne—1)"?)
J<k—1n;<n<n;ii

|
Strong approximations in the dependent setting — p. 5



The construction of Major.

* Assume that the sequence has many moments (more than 4) and allow

some log in the symbol O(-). Then by the Kolmogorov inequality, we get
that almost surely

sup [y, — Tn,| = O(K'/?)
i<k

and we also have (if n, — nx—1 IS monotone and goes to infinity fast
enough)

sup sup  |Sn — Sn;| = O((nk — ne—1)"?)
J<k—1n;<n<n;ii

* Choose ni = k*. Then almost surely, sup,, ., |Sk — Tx| = O(n'/*).
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The construction of Major.

* Assume that the sequence has many moments (more than 4) and allow

some log in the symbol O(-). Then by the Kolmogorov inequality, we get
that almost surely

sup [y, — Tn,| = O(K'/?)

J<k
and we also have (if n, — nx—1 IS monotone and goes to infinity fast
enough)

sup sup  |Sn — Sn;| = O((nk — ne—1)"?)
J<k—1n;<n<n;ii

* Choose ni = k*. Then almost surely, sup,, ., |Sk — Tx| = O(n'/*).

* With this construction no way to get better rate than n'/.
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The dependent setting. M. and Rio (2012).

° Letmr =nr — nr_1, gk = Snk — Snk_l and fk ES Tnk — Tnk_l.
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The dependent setting. M. and Rio (2012).

° Letmr =nr — nr_1, gk = Snk — Snk_l and f]{; ES Tnk — Tnk_l.

* Assume that E(X§) + 25", -, E(XoXx) is convergent to some
nonnegative real o~.
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The dependent setting. M. and Rio (2012).

° Letmr =nr — nr_1, gk = Snk — Snk_l and Tk; ES Tnk — Tnk_l.

* Assume that E(X§) + 25", -, E(XoXx) is convergent to some
nonnegative real o~.

* Let F}, be the d.f. of the conditional law of S, given o(X;,5 < ng_1).
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The dependent setting. M. and Rio (2012).

Let my = np — np—1, gk = Snk — Snk_l and Tk ES Tnk — T,

NEg—1-"

Assume that E(X§) + 25", ., E(XoXx) is convergent to some
nonnegative real o~.

Let Fy, be the d.f. of the conditional law of Sy given o(X;,j < nx_1).

Define then

Ty, —Tp,, = o/mie® ' (Fp(Sk — 0) + 0 (Fr(Sk) — Fx(Sk — 0)))

It is independent of o (X, 7 < nkx—1) and with law G 2

o“mip "
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The dependent setting. M. and Rio (2012).

° Letmr =nr — nr_1, gk = Snk — Snk_l and Tk ES Tnk — Tnk_l.

* Assume that E(X§) + 25", -, E(XoXx) is convergent to some
nonnegative real o~.

* Let I, be the d.f. of the conditional law of Sy given o(X,,j < ng_1).
* Define then
Ty, — Ty = 0/mp® " (Fy(Sk — 0) + 04 (Fi(Sk) — Fi(Sk — 0)))
It is independent of o (X, j < nx—1) and with law G, 2,,, .

* We are lead to estimate

1
ISe=Tul} = B | (' @)=072,, @0)de = B(WE(Ps, s, | Corm,)).

o“mi
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A bound for the "conditional” 115

* P and @ two probability laws on R with d.f. F' et G.

Wg(P,Q):/O (F () — G~} (u))2du.
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A bound for the "conditional” 115

* P and @ two probability laws on R with d.f. F' et G.
1
WiP.Q) = [ (F(w -G\ (w)du.
0

s Ao ={feC" : |f(2) - ') < |z -y}
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A bound for the "conditional” 115

* P and @ two probability laws on R with d.f. F' et G.
1
WiP.Q) = [ (F(w -G\ (w)du.
0

s Ao ={fEC": |f' (@)~ I'(y)| < |o— yl}

* Lemma (M. and Rio (2012)) : Let Z be a r.v. with values in (E, L(FE), m) (a
purely non atomic Lebesgue space) and let 7 = o(~Z). Let U and V r.v's
with V' independent of F. Let 0> > 0 and N ~ A (0,c°) independent of
o(Z,U,V). Then

E(W5(Py 7 Pv)) <16 sup E(f(U+N,Z)— f(V+N,Z)) + 802,
fEA2(E)

where Az(F) is the set of functions f : R x E — Rwrt L(R x E) and
B(R), such that f(-,z) € Az et f(0,2) = f/(0,2z) =0for z € E.
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Rates in the ASIP under a-dependence

* Let Fo = o(X;,i < 0) and the dependence coefficients: a2 (0) =1,

az(k) = sup sup ||[P(X; <t,X; <s|Fo)—P(X; <t,X; <s)|[1,k>1
i>j>k (s,t)ER2
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Rates in the ASIP under a-dependence

* Let Fo = o(X;,7 < 0) and the dependence coefficients: a2 (0) =1,

az(k) = sup sup ||[P(X; <t,X; <s|Fo)—P(X; <t,X; <s)|[1,k>1
i>j>k (s,t)ER2

* Proposition (M. and Rio (2012)) : Assume that the series
E(X5) +2>,-, E(X0X4) is convergent to some nonnegative real o”. If
o > 0, then there exists a positive constant C' depending on ¢ such, that

for any n > 0,
1
B (W (Ps, 7, Gue)) < On? | QU)R()(B(w) A0 /*)du.
0

with Q(u) = inf{t > 0: P(|Xo| > t) < u}, R(u) = a5 ' (u)(Q(u) V 1).
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Rates under «v-dependence

* Theorem (M. and Rio (2012)) : Let p €]2, 3]. Assume that

o az (k) .
Zk / x, (w)du < oo
0

Then the series E(X;5) + 25, -, E(XoX4) is convergent to some
nonnegative real o and there exists a sequence (Z;);>1 of iid r.v’s
~ N(0, %) such that almost surely

0(n'/?(logn)'/2=1/P) if p €]2, 3]
sup |Sk—Tk| = . s . .
k<n 0(n*/3(logn)'/?(loglogn)<*1/3) ifp=3foranye>0.
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Rates under «v-dependence

* Theorem (M. and Rio (2012)) : Let p €]2, 3]. Assume that

o az (k) .
Zk / x, (w)du < oo
0

Then the series E(X;5) + 25, -, E(XoX4) is convergent to some
nonnegative real o and there exists a sequence (Z;);>1 of iid r.v’s
~ N(0, %) such that almost surely

0(n'/?(logn)'/2=1/P) if p €]2, 3]
sup |Sk—Tk| = . s . .
k<n 0(n*/3(logn)'/?(loglogn)<*1/3) ifp=3foranye>0.

* For bounded r.v. the condition holds if az(n) = O(n' P (logn)~ "' ~°)
whereas as the condition in Shao and Lu (87) requires a(n) = 0(n™?).
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Dynamical systems (1)

* For v in |0, 1], consider the intermittent map 7 from [0, 1] to [0, 1]

S {x(l £2007) e e 0,1/2]
27 — 1 if 2 € [1/2,1].
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Dynamical systems (1)

* For v in |0, 1], consider the intermittent map 7 from [0, 1] to [0, 1]

2(142727) ifzc[0,1/2

2 P if 2 € [1/2,1].

* Denote by v, the unique T’ -invariant probability on [0, 1] such that v, < .
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Dynamical systems (1)

* For v in |0, 1], consider the intermittent map 7 from [0, 1] to [0, 1]

S {x(l £2007) e e 0,1/2]
27 — 1 if 2 € [1/2,1].

* Denote by v, the unique T’ -invariant probability on [0, 1] such that v, < .

* Let ), be the Perron-Frobenius operator of 7*, with respect to v, defined
by
vy(f.goTy) = vy(Q~(f)-9)

for any bounded measurable functions f and g.
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Dynamical systems (1)

For v in |0, 1], consider the intermittent map 7+ from [0, 1] to [0, 1]

2(142727) ifzc[0,1/2

2 P if 2 € [1/2,1].

Denote by v, the unique T’ -invariant probability on [0, 1] such that v, < .

Let Q- be the Perron-Frobenius operator of 77, with respect to v, defined
by
vy(f.goTy) = vy(Q~(f)-9)

for any bounded measurable functions f and g.

Let (Y:):>0 be a stationary the Markov chain with invariant measure v., and
transition Kernel Q.
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Dynamical systems (1)

For v in |0, 1], consider the intermittent map 7+ from [0, 1] to [0, 1]

2(142727) ifzc[0,1/2

2 P if 2 € [1/2,1].

* Denote by v, the unique T’ -invariant probability on [0, 1] such that v, < .

* Let ), be the Perron-Frobenius operator of 7*, with respect to v, defined
by
vy(f.goTy) = vy(Q~(f)-9)

for any bounded measurable functions f and g.

* Let (Yi);>0 be a stationary the Markov chain with invariant measure v., and
transition Kernel Q.

* On ([0,1],v4), (T4, T2,...,T¥) = (Ys,..., Y2, Y1) (See Hennion and

Yo Ly

Hervé (2001)).
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Dynamical systems (2)

* Any information on the law of >~ (f o T — v,(f)) can be obtained by
studying the law of > (f(Yi) — v, (f)). The reverse time property
cannot be directly used to transfer almost sure results!
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Dynamical systems (2)

* Any information on the law of >~ (f o T — v,(f)) can be obtained by

studying the law of > (f(Yi) — v, (f)). The reverse time property
cannot be directly used to transfer almost sure results!

* Forevery n > 0, azv(n) < CnY~Y/7 (Dedecker, Gouézel and M.
(2010)).
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Dynamical systems (2)

* Any information on the law of >~ (f o 7% — v,(f)) can be obtained by
studying the law of > (f(Yi) — v, (f)). The reverse time property
cannot be directly used to transfer almost sure results!

* Foreveryn > 0, az y(n) < Cn¥~Y/7 (Dedecker, Gouézel and M. (2010)).

* Letv €]1/3,1/2] and f be a function of bounded variation. Then the series

o (f) = v ((f = v (f) —I_ZZV’Y — vy (f )fOTfl;)

converges absolutely to some nonnegative number o (f) and, for any
e > 0, there exists a sequence (Z;);>1 of iid random variables with law
N(0,0%(f)) such that

sup | Z (f) = Z7)| = O(n” (log n)"/*(loglog n) ' 7)) a.s.

kE<n
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Il. Strong approximation for the empirical process

* Let X = (X;)iez be a strictly stationary sequence of r.v. in R* with
common distribution function F'. Define the empirical process of X by

Rx(s,t)= >  (lx,<s—F(s)),s€R, teR".
1<k<t
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Il. Strong approximation for the empirical process

* Let X = (X,):cz be a strictly stationary sequence of r.v. in R* with
common distribution function F'. Define the empirical process of X by

Rx(s,t)= >  (lx,<s—F(s)),s€R, teR".
1<k<t

* Ford =1 andiid r.v’'s X;, Kiefer (1972) constructed a continuous centered
Gaussian process K x with

E(KX (s,t)Kx (s, t’)) = (tAt)F(sANs')—F(s)F(s))
In such a way that

sup  |Rx (s, [nt]) — Kx(s,[nt])] = O(an) as. (¥

(s,t)ERX[0,1]

with a,, = n'/3(logn)?/3.
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Strong approximation for the empirical process

* When d = 1 and for iid r.v’'s X; ~ U£]0, 1]), Komlés, Major and Tusnady (75)
obtained (x) with a,, = (logn)?
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Strong approximation for the empirical process

* When d = 1 and for iid r.v’'s X; ~ U£]0, 1]), Komlés, Major and Tusnady (75)
obtained (x) with a,, = (logn)?

* For iid random variables in R® with general distribution with dependent

components, Csorgd and Révész (88) obtained (x) with
an = n24=D/(4D) (16g n)3/2,
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Strong approximation for the empirical process

* When d =1 and for iid r.v’'s X; ~ U[0, 1]), Komlos, Major and Tusnady (75)
obtained (x) with a,, = (logn)?

e For iid random variables in R% with general distribution with dependent

components, Csorgd and Révész (88) obtained (x) with
an = n24=D/(4D) (16g n)3/2,

* For iid random variables in R? with uniform distribution, Massart (89)
obtained (x) with a,, = n% 242 (log n)3/2.
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Strong approximation for the empirical process

When d = 1 and for iid r.v's X; ~ U0, 1]), Komlos, Major and Tusnady (75)
obtained (x) with a,, = (logn)?

e For iid random variables in R% with general distribution with dependent

components, Csorgd and Révész (88) obtained (x) with
an = n24=D/(4D) (16g n)3/2,

* For iid random variables in R? with uniform distribution, Massart (89)
obtained (x) with a,, = n% 242 (log n)3/2.

* For the empirical distribution function and Tusnady type results, Rio (96)
obtained the rate O (n®/'?(logn)*¥)) for iid random variables with the
uniform distribution.
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Strong approximation for the empirical process

When d = 1 and for iid r.v's X; ~ U0, 1]), Komlos, Major and Tusnady (75)
obtained (x) with a,, = (logn)?

e For iid random variables in R% with general distribution with dependent

components, Csorgd and Révész (88) obtained (x) with
an = n24=D/(4D) (16g n)3/2,

* For iid random variables in R? with uniform distribution, Massart (89)
obtained (x) with a,, = n% 242 (log n)3/2.

* For the empirical distribution function and Tusnady type results, Rio (96)
obtained the rate O (n®/'?(logn)*¥)) for iid random variables with the
uniform distribution.

* Up to now, the best known rates for the strong approximation by a Kiefer
process are of the order n'/3 for d = 2.
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Absolutely regular sequences: a lower bound

* Let Xx = (X,,j > k) and

B(k) =l sup [Px, |7 (f) — Px, (1
I flloo <1
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Absolutely regular sequences: a lower bound

* Let Xx = (X,,j > k) and

B(k) = || sup [Px, |7 (f) = Px, (H)lllx
I £lloo <1

* Theorem (Dedecker, M., Rio (12) : For any p > 2, there exists a stationary
Markov chain (X;);cz of random variables with uniform distribution over
[0, 1] and sequence of 5-mixing coefficients (3, )»>0, such that:
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Absolutely regular sequences: a lower bound

* Let Xx = (X,,j > k) and

B(k) = || sup [Px, |7 (f) = Px, (H)lllx
I £lloo <1

* Theorem (Dedecker, M., Rio (12) : For any p > 2, there exists a stationary
Markov chain (X;);cz of random variables with uniform distribution over
[0, 1] and sequence of 5-mixing coefficients (3, )»>0, such that:

°* () 0 <liminf,_ o0 nP~18, < lim SUP,, 4 oo nP~ 18, < .

|
Strong approximations in the dependent setting — p. 14



Absolutely regular sequences: a lower bound

* Let Xy = (X,,j > k) and

Bk) =1 sup |Px, 7 (f) = Px, (F)ll

[flloc <1

* Theorem (Dedecker, M., Rio (12) : For any p > 2, there exists a stationary
Markov chain (X;);cz of random variables with uniform distribution over
[0, 1] and sequence of 5-mixing coefficients (3, )»>0, such that:

°* () 0 <liminf,_ o0 nP~18, < lim SUP,, 4 oo nP~ 18, < .

* (i) There exists a positive constant C' such that, for any construction of a
sequence (G )n>0 Of continuous Gaussian processes on [0, 1]

() liminfn_l/p]E< sup |Rx(s,n) — Gn(s)|) > C.

n— oo 36(0,1]
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A lower bound (to continue)

* Furthermore

(b) lim sup(n logn)_l/p( sup |Rx(s,n) — Gn(s)|) >0 a.s.

n— oo s€(0,1]
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A lower bound (to continue)

* Furthermore

(b) lim sup(n logn)_l/p( sup |Rx(s,n) — Gn(s)]) >0 a.s.

n— oo s€(0,1]

* Proof: The sequence (X;);cz is defined from a strictly stationary Markov
chain (&;)icz on [0, 1]. Let A be the Lebesgue measure, a = p — 1 and
vV = (1 - a)a:al[o,l])\.
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A lower bound (to continue)

* Furthermore

(b) lim sup(n logn)_l/p( sup |Rx(s,n) — Gn(s)]) >0 a.s.

n— oo s€(0,1]

* Proof: The sequence (X;);cz is defined from a strictly stationary Markov
chain (&;)icz on [0, 1]. Let A be the Lebesgue measure, a = p — 1 and

vV = (1 - a)a:al[o,l])\.
* The conditional distribution I1(z, .) of £,+1, given (£, = x), is defined by

(z,.) =1(dz,.) = (1 — x)ds + zv.
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A lower bound (to continue)

* Furthermore
(b) lim sup(n logn)_l/p( sup |Rx(s,n) — Gn(s)]) >0 a.s.
n— 00 s€(0,1]

Proof: The sequence (X;).cz is defined from a strictly stationary Markov
chain (&;)icz on [0, 1]. Let A be the Lebesgue measure, a = p — 1 and
vV = (1 - a)xal[o,l])\.

The conditional distribution II(x, .) of £&,+1, given (&, = x), is defined by

(z,.) =1(dz,.) = (1 — x)ds + zv.

IT has distribution function F'(z) = x“. Setting X; = & we obtain a
stationary Markov chain (X;);cz of random variables with uniform
distribution over [0, 1] and adequate rate of 5-mixing.
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Upper bound: Dedecker, M., Rio (12)

* Let (X;):cz be a strictly stationary sequence of random variables in R?.
Let F; be the distribution function of the j-th marginal of X,. Assume that
Bn = O(n'~P) for some p €]2, 3]. Then
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Upper bound: Dedecker, M., Rio (12)

* Let (X;):cz be a strictly stationary sequence of random variables in R“.
Let F; be the distribution function of the j-th marginal of X,. Assume that
Bn = O(n'~P) for some p €]2, 3]. Then

e forall (s,s") iNnR*, Ax(s,s") = >, o, Cov(lx,<s, 1x,<s) CONVErges
absolutely.
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Upper bound: Dedecker, M., Rio (12)

* Let (X;):cz be a strictly stationary sequence of random variables in R“.
Let F; be the distribution function of the j-th marginal of X,. Assume that
Bn = O(n'~P) for some p €]2, 3]. Then

» forall (s,s") in R**, Ax(s,s') =, o, Cov(lxy<s, 1x, <s/) CONVErges
absolutely.

* Forany (s,s’) € R** and (¢,t') in Rt x RT, let
I'x(s,s’,t,t) = min(¢t,t )Ax (s, s)

Then enlarging €2 if necessary, there exists a centered Gaussian process
K x with covariance function I' x, whose sample paths are almost surely
uniformly continuous with respect to the pseudo metric

d((s,t), (s',t) = [t —t'| + Z |15 (s5) — Fi(s5)]

and such that |
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Upper bound (to continue)

* E(sup,cpa |[Rx(s,k) — Kx(s,k)|) = O(n'/?(logn)*?),

k<n
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Upper bound (to continue)

* E(sup,cpa |[Rx(s,k) — Kx(s,k)|) = O(n'/?(logn)*?),

k<n
* SUp.cpd |Rx (s, k) — Kx(s, k)| = O(n'/?(logn)M)+e+1/P) almost surely,

E<n

foranye > 0
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Upper bound (to continue)

* E(sup,cpa |[Rx(s,k) — Kx(s,k)|) = O(n'/?(logn)*?),

k<n
* SUp.cpd |Rx (s, k) — Kx(s, k)| = O(n'/?(logn)M)+e+1/P) almost surely,

E<n

foranye > 0

* where in both items A(d) = (22 +2 — 2:%)1,cp0.51 + (2 + 2¢) 1,—s.

2p

|
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Upper bound (to continue)

* E(sup,cpa |[Rx(s,k) — Kx(s,k)|) = O(n'/?(logn)*?),

k<n

Sup .cpa |Rx (s, k) — Kx (s, k)| = O(n'/?(log n)*¥++1/P) aimost surely,

E<n

foranye > 0

where in both items A(d) = (5 +2 — %2%) g2, + (24 5) Lp=s.

In the independent case (p = 3), the power of log n can be improved as
follows

|
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Upper bound (to continue)

* E(sup,cpa |[Rx(s,k) — Kx(s,k)|) = O(n'/?(logn)*?),

k<n

Sup .cpa |Rx (s, k) — Kx (s, k)| = O(n'/?(log n)*¥++1/P) aimost surely,

E<n

foranye > 0

where in both items A(d) = (5 +2 — %2%) g2, + (24 5) Lp=s.

In the independent case (p = 3), the power of log n can be improved as
follows

for the L*-error : \(d) = (2d + 3)/3
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Upper bound (to continue)

* E(sup,cpa |[Rx(s,k) — Kx(s,k)[) = O(n'/?(logn)*¥),

k<n
* SUp.cpd |Rx (s, k) — Kx(s, k)| = O(n'/?(logn)M)+e+1/P) almost surely,

E<n
foranye > 0
* where in both items \(d) = (5} +2 — 5%)1,ep0,3 + (2 4+ ) 1p=s.

* |In the independent case (p = 3), the power of logn can be improved as
follows

o for the L'-error : \(d) = (2d + 3)/3

* for the almost sure error : A(d) = (2d +4)/3

|
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Hints for the proof (1)

* We transform the variables via another probability on €2. We are lead to
random variables Y; with the same (-coefficients. These variables are on
[0, 1]* and each of its marginals has a density bounded by C(5)

|
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Hints for the proof (1)

* We transform the variables via another probability on €2. We are lead to
random variables Y; with the same (-coefficients. These variables are on
[0, 1]* and each of its marginals has a density bounded by C(5)

* For any construction of a Kiefer process GGy with covariance function I'y

sup sup |Ry (s, k) — Gy (s, k)|

1<k<2N+1 s5¢(0,1]

< sup |Ry(s,1)—Gy(s,1)|+ Z Dr(Gy).

86[071]d L=0

where

Dr(Gy):=  sup sup ’(Ry(s,ﬁ)—Ry(s,2L))—(Gy(s,€)—Gy(s,2L))‘ :

2L <¢<2L+1 5¢cf0,1]2

|
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Hints for the proof (2)

* Reduction to a grid. Let A,, denote the set of z in [0, 1]* such that nx is a
multivariate integer. Let

Di(Gy) = sup sup |Ry (s, €)—Ry(s,2")—(Gy (s,0)—Gy (s,2"))|.

2L <y<2L+lscA, L

|
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Hints for the proof (2)

* Reduction to a grid. Let A,, denote the set of z in [0, 1]* such that nx is a
multivariate integer. Let

Di(Gy)=  sup sup |Ry (s, €)—Ry(s,2")—(Gy (s,0)—Gy (s,2"))|.

2L <y<2L+lscA, L

* D1(Gy) < Dy (Gy) +dC(8)
+  sup  |(Gy(s,0) — Gy(s,25)) = (Gy(s',6) — Gy (5,2"))]

2L <p<2L+1
s—s/floo <2~ L
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Hints for the proof (2)

* Reduction to a grid. Let A,, denote the set of z in [0, 1]* such that nx is a
multivariate integer. Let

Di(Gy)=  sup sup |Ry (s, €)—Ry(s,2")—(Gy (s,0)—Gy (s,2"))|.

2L <y<2L+lscA, L

* D1(Gy) < Dy (Gy) +dC(8)
+  sup  |(Gy(s,0) — Gy(s,25)) = (Gy(s',6) — Gy (5,2"))]

2L <p<2L+1
s—s/floo <2~ L

* Using concentration inequality for Gaussian process,

E(DL(Gy)) < E(DL(Gy)) + c(d)VL
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Hints for the proof (2)

Reduction to a grid. Let A,, denote the set of z in [0, 1]* such that nx is a
multivariate integer. Let

Di(Gy)=  sup sup |Ry (s, €)—Ry(s,2")—(Gy (s,0)—Gy (s,2"))|.

2L <y<2L+lscA, L

* D1(Gy) < Dy (Gy) +dC(8)
+  sup  |(Gy(s,0) — Gy(s,25)) = (Gy(s',6) — Gy (5,2"))]

2L <p<2L+1
s—s/floo <2~ L

Using concentration inequality for Gaussian process,

E(DL(Gy)) < E(DL(Gy)) + c(d)VL

We consider d = 1. Let U\") = Uy,r — E(Uy,z) where

|
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Hint for the proof (3)

t
* Let gk,L = (<1k§m)m:1 ..... 2L) and

2 2l
St = ng,L ® (715;02 1= Z Vi,r and O =E(S. St
k=1 k=1

|
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Hint for the proof (3)

t
‘ Let gk’L - ((1k§m)m:1,...,2L) and

2 2l
St = ng,L ® ﬁéoz 1= Z Vi,r and O =E(S. St
k=1 k=1

» On R?", we define the following distance

cm(z,y) = sup |z — ¢l
jE{l,--' 72m}
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Hint for the proof (3)

t
: Let €k7L - ((1k§m)m:1,...,2L) and

2 2l
St = Z €k, ® (715;02 1= Z Vi,o and Cp =E(SL S7)
k=1 k=1

» On R?", we define the following distance

cm(z,y) = sup |z — ¢l
jE{l,--' 72m}

| ! iote T (d+1)
» According to Riischendorf (85), there exists Tr, = (T\", - -- 7T£2L i !
with law N, , measurable with respect to o(61.) V o(SL.4) V For,

independent of F,- and such that

E<C(d+1)L(§L7fL>) - E(Wc(d+1)L(P§L|]:2L’NCL))

= E sup (E(f(gL)U:QL) — E(f(fL))) :

feLip(c(g+1)rL)
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Hint for the proof (3)

t
: Let €k7L - ((1k§m)m:1,...,2L) and

2 2l
St = Z €k, ® (715;02 1= Z Vi,o and Cp =E(SL S7)
k=1 k=1

» On R?", we define the following distance

cm(z,y) = sup |z — ¢l
jE{l,--' 72m}

| ! iote T (d+1)
» According to Riischendorf (85), there exists Tr, = (T\", - -- 7T£2L i !
with law N, , measurable with respect to o(61.) V o(SL.4) V For,

independent of F,- and such that

E<C(d+1)L(§L7fL>) - E(Wc(d+1)L(P§L|]:2L’NCL))

= E sup (E(f(gL)U:QL) — E(f(fL))) :

feLip(c(g+1)rL)
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Hint for the proof (3)

t
: Let €k7L - ((1k§m)m:1,...,2L) and

2 2l
St = Z €k, ® (715;02 1= Z Vi,o and Cp =E(SL S7)
k=1 k=1

» On R?", we define the following distance

cm(z,y) = sup |z — ¢l
jE{l,--' 72m}

| ! iote T (d+1)
» According to Riischendorf (85), there exists Tr, = (T\", - -- 7T£2L i !
with law N, , measurable with respect to o(61.) V o(SL.4) V For,

independent of F,- and such that

E<C(d+1)L(§L7fL>) - E(Wc(d+1)L(P§L|]:2L’NCL))

= E sup (E(f(gL)U:QL) — E(f(fL))) :

feLip(c(g+1)rL)
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Hints for the proof (4)

* Hence we have constructed a sequence of centered Gaussian random
variables (T )en in R“™" such that B(7,T%) = C, and that are
mutually independent.

|
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Hints for the proof (4)

* Hence we have constructed a sequence of centered Gaussian random
variables (T%L) ey in R2“" such that ]E(foi) = (C, and that are
mutually independent.

* In the independent case, they satisfy for ¢, m € {1,...,2"} and
SL,j = (jlz_Ly ces ,de_L) and sz, = (k12_L, ce e kd2_L)

—

COV((TL)(g_l)QdL+Zgl:1(ji_l)Q(d—i)L+17 (TL>(m_1)2dL_|_Z§l:1(ki_1)2(d—i)L_+_1)

= inf(¢,m)Cov(1yy<sy ;» Ivp<sy ) = Uy (8L,5,5L,k,£,m) .

|
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Hints for the proof (4)

* Hence we have constructed a sequence of centered Gaussian random
variables (T%L) ey in R2“" such that ]E(TLTE) = (C, and that are
mutually independent.

* In the independent case, they satisfy for ¢,m € {1,...,2*} and
SL,j = (jlz_L; ces ,de_L) and sz, = (k12_L, ce e de_L)

—

COV((TL)(E—1)2dL+Z§l:1 (j;—1)2(@=9)L 47 (TL>(m_1)2dL +>d (ki_l)Q(d—i)L+1)

= inf(¢,m)Cov(1yy<sy ;» Ivp<sy ) = Uy (8L,5,5L,k,£,m) .

* Hence, in the independent case, there exists a Kiefer process Ky with
covariance I'y such that for sy ; = (71275, ..., 5427 %)

—

L L\
Ky (sp j,+27) — Ky(s5,;,27) = (TL)(£—1)2dL+Z,?:1(j¢—1)2(d—i)L+1 :

(Dudley and Philipp (1983))
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Hints for the proof (4)

* In the independent case, the construction is complete and

]E(D’L (Ky)) = E(C(d+1)L(§La TL))

|
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Hints for the proof (4)

* In the independent case, the construction is complete and
E(D}J(Ky)) = E(C(d+1)L(§L, TL))
* In the independent case, it remains to show that

E(cat+1yr(Se,Tr)) = sup (B(f(S1)) — E(f(TL))) < 2"/ LMY
f€Lip(cg+1)L)
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Hints for the proof (4)

* In the independent case, the construction is complete and
]E(D/L(Ky)) = ]E(C(d+1)L(§L, TL))
* In the independent case, it remains to show that

E(cat+1yr(Se,Tr)) = sup (B(f(S1)) — E(f(TL))) < 2"/ LMY
f€Lip(cg+1)L)

* In the dependent case, much work is needed.
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Hints for the proof (4)

In the independent case, the construction is complete and

]E(D/L (KY)) - ]E(C(d+1)L(§La TL))

In the independent case, it remains to show that

E(cat+1yr(Se,Tr)) = sup (B(f(S1)) — E(f(TL))) < 2"/ LMY
f€Lip(cg+1)L)

In the dependent case, much work is needed.

To bound suitably:

E sup (B(f(Sp)|Far) — E(f(T1)))

feLip(cg4+1)r)

we use the Lindeberg method for the "conditional Wasserstein distance"

and we introduce sparse vectors (whose "real" dimension is L™ and not
gL ld+1)yy,
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Upper bounds with weaker dependence coefficients.

* We consider the case d =1

|
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Upper bounds with weaker dependence coefficients.

* We consider the case d =1
* We define (here 7o = o(X;,7 < 0))

b(Fo,i,j) = sup |P(X; <t,X; <s[Fo) —P(X; <t,X; <s)
(s,t)ER2

and
B2,y (k) = sup E(b(Fo,1,])) .

i>5>k
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Upper bounds with weaker dependence coefficients.

* We consider the case d =1

* We define (here 7o = o(X;,7 < 0))

b(Fo,i,j) = sup |P(X; <t,X; <s[Fo) —P(X; <t,X; <s)
(s,t)ER2

and
B2,y (k) = sup E(b(Fo,1,])) .

i>5>k

* For the stationary Markov chain associated to the intermittent map
considered before,

Bay (k) =O(n'~P)forany p < 1/~

(see Dedecker and Prieur (2009)).
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Theorem : Dedecker, M., Rio (2012)

* If B2.x(n) = O(n'~?) for some p > 2. Then

|
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Theorem : Dedecker, M., Rio (2012)

* If B2.x(n) = O(n'~?) for some p > 2. Then

* For all (s,s’) € R?, the following series converges absolutely

Ax(s,s") = Cov(lxy<s,1x <o) + Y Cov(lxy<s, 1x,<s)

k>0 k>0
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Theorem : Dedecker, M., Rio (2012)

* If B2.x(n) = O(n'~P) for some p > 2. Then

* For all (s,s’) € R?, the following series converges absolutely

Ax(s, S/) — Z COV(lxogs, 1Xk:§3/) —|— ZCOV(1X0§8’7 1Xk:§3)

k>0 k>0

* LetI'x(s,s’,t,t") = min(t,t")Ax (s,s’). There exists a centered Gaussian
process K x with covariance function I' x, whose sample paths are almost
surely uniformly continuous with respect to the pseudo metric

d((s,t), (s',1)) = |F(s) = F(s)| + [t = 1],
and such that for e = (p — 2)?/(22p?),
sup  |Rx (s, [nt]) — Kx(s,[nt])] = O(n'/?>%) almost surely,

seR,te[0,1]
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On the optimality of the result

* There exists a Markov chain such that 32 x (k) > ck~' for some positive
constant ¢ such that the finite dimensional marginals of the process

{(nlnn)"*2Rz(-,n)} converge in distribution to those of the degenerated
Gaussian process G defined by

forany ¢ € [07 1]7 G(t) — f(t)]-t?fOZa

where 7 is a standard normal.
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On the optimality of the result

* There exists a Markov chain such that 32 x (k) > ck~' for some positive
constant ¢ such that the finite dimensional marginals of the process
{(nlnn)"*2Rz(-,n)} converge in distribution to those of the degenerated
Gaussian process G defined by

forany ¢ € [07 1]7 G(t) — f(t)]-t?fOZa
where Z is a standard normal.

* This shows that an approximation by a Kiefer process as in our main result
cannot hold for this chain.
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Thank you for your attention!
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Thank you for your attention!
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